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I. INTRODUCTION 



f(T) gravity as a new modified gravity theory has recently attracted much attention 



H 



27l |. It was first investigated by Ferraro and Fiorini l|, |2|] in the Born-Infeld style which can 
lead to regular cosmological spacetimes without Big Bang singularity. Then, it was proposed 
by Bengochea, Ferraro and hinder |3|, |j] to explain the current accelerated expansion of 
universe. Similar to f{R) gravity, it is a generalization of the teleparallel gravity (TG) 



28l-l30l| which was originally developed by Einstein in an attempt of unifying gravity and 
electromagnetism. Let us make a brief review of TG. The basic variables in TG are tetrad 
fields Cafj,, where a is index of the internal space running over 0,1,2,3 while /i is the spacetime 
index running from to 3. The tetrad fields are related with the spacetime metric by 

9f,u = eaf,r]°-^ebu, Vab = ea^^ebuQ^" = diag(-l, 1, 1, 1). (1) 

In TG, the Weitzenbock connection 



' 5 



rV = e'^d^e^^ (2) 

rather than the Levi-Civita connection is used to define the covariant derivative, and as a 
result there is no curvature but only torsion 

The torsion scalar is defined by 



_ CflUprri _rpfiUprp , _/ 

2*-' -t^I/p — T-t -Lf^iyp-t-- 



rp C/^^PT"' rpfiuprji . rpfxuprp rp a^rpp / a\ 



with the so-called dual torsion 

gl^wp _ _/rpflvp _|_ rpupp _ rppp,v\ _|_ „Pprp (TV _ ^Vprjy afj. /g\ 

There are several virtues in TG. For example, in contrast to Einstein gravity, a covariant 



stress tensor of gravitation can naturally be defined in the gauge context of TG |31 |. 

As a main advantage compared with f{R) gravity, the equations of motion of f{T) gravity 
are second-order instead of fourth-order. However, the local Lorentz invariance is violated 
,n /(T) ,av.. H a„d c„.e,ue.ly ™ deg.e. of .eedon, .ppe„. Recen... we have 
investigated the Hamiltonian formulation of f{T) gravity and have found that three extra 



degrees of freedom emerge [27| . In general, there are D — 1 extra degrees of freedom for f{T) 
gravity in D dimensions, and this imphes that the extra degrees of freedom might correspond 



to one massive vector field. For the detailed explanation, see our recent work [27|. 

In this paper, we investigate the black hole thermodynamics in f{T) gravity and find 
that the first law, 6Q = T6S, is violated. There is entropy production even in the static 
spacetime and the black hole thermodynamics turns out to be non-equilibrium. By analyzing 
two examples in detail, we find that it is the violation of the local Lorentz invariance in f{T) 
gravity that leads to the breakdown of the first law of black holes. Because of this violation, 
some degrees of freedom in /(T) gravity feel an effective metric different from the background 
metric. Consequently, they see a different horizon and Hawking temperature from that felt 
by matter fields with the local Lorentz invariance. Black holes in such a situation would not 
be in equilibrium, thus it is not surprising that the first law is violated. In addition, from 
the two examples that will be analyzed, we also observe that /"(O) should be negative in 
order to avoid the naked singularities and super velocity of light. 

It should be stressed that, by "black hole" in f{T) gravity, we mean in the sense of the 



usual metric. Recently, some "black holes" in this sense were found in [32]. In general, there 
may exist modes which can escape from the inside and make the horizon defined by the 
metric "non-black" . However, as shown in Appendix B, there indeed exist exact solutions of 
f{T) gravity which have the properties of the usual black hole. All the modes feel the same 
metric and no modes can escape from the inside of the horizon. We focus on the "black 
hole" in the metric in this paper. 

The paper is arranged as follows. In Sect. II, we give a brief review of the first law of 
f{R) gravity using the field equation method. In Sect. HI, we establish the first law of f(T) 
gravity. In Sect. IV, we search for the reasons for the violation of first law of f{T) gravity 
by investigating two examples. We conclude in Sect. V. 

II. FIRST LAW OF f{R) GRAVITY 

The first law of black holes, 6Q = T6S, is universal for gravity with the diffeomorphism 
Lagrangian, L{g^y, R/iupa), constructed from the metric g^u and Riemann tensor R^vpa- One 
can derive the first law and entrop y o f black holes from various procedures, for instance. 



the Wald's Noether charge method 331]. However, we shall use a different approach 34J-I37] 



which was originally developed to derive the gravity field equations from the thermodynamic 
point of view. In this paper we turn the logic around: we suppose the gravity field equations 
and check if the thermodynamic relation 5Q = TdS is satisfied. Though similar in some 
aspects, there are many differences between the Wald's Noether charge approach and the 
field equation approach. Here we just list three main differences. First, the Wald's Noether 
charge approach is based on the Lagrangian or the action of a theory, while the field equation 
approach is based on the equations of motion. Second, the definitions of energy are different 
in the two approaches. In the former, Wald uses the "canonical energy" E from which one 
can derive 6E = T6S + Qh^J, where Qh is the angular velocity of the horizon and J is the 
angular momentum. In the latter, one defines the heat fiux passing through the null surface 
as eq. (jH]), which does not contain the information of angular momentum. As we shall show 
below, using eq. (Q, one can only derive 6Q = T6S. Third, it is natural to use the field 
equation approach rather than the Wald's approach to study the first law of black holes 
in f{T) gravity. The Wald's approach is not designed for the teleparallel gravity. The key 
point of the field equation approach is the definition of the heat fiux passing through the 
null surface. According to ref. Ig], we still have V^T^v = in f{T) gravity, and therefore 
the current T^^^^ remains conserved, i.e. V^{T^^^'^) = 0. Thus, it is very natural to use 
eq. ([6]) as the heat fiux passing through the null surface in f(T) gravity. 

Now we give a brief review of the field equation approach. Let us take f{R) gravity as 
an example, and consider a heat fiux 6Q passing through an open patch on a null surface or 
black hole horizon, dH = dAdX, 



8Q= / T^uek'^dAdX, (6) 

Jh 

where T^,^ is the matter stress-tensor, ^^ is the Killing vector, H denotes the null surface, 

A is the affine parameter, and k^ = ^ is the tangent vector to H. Substituting the f{R) 

field equation 

/'(i?)i?^, - V.VJ'iR) + g^, {uf\R) - \f{R)] = 87rT,, (7) 



into eq. ([6]), we can derive 

^Q = ^j (nR)R,u-v,vj'{R)]ek''dAdx 

= ^ ^ (/'(i?) V^V.e - ev^V./'li?)") k^dAdX 
= ^ J(k''V^{f'iR)'^uQ)dAdX 
k''l^'f\R)Vu^AdAdX 
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In the above derivations, we have used Stokes's Theorem and the following formulas: 

A:% = 0, A;% = 0, /% = 0, fc% = -1, (9) 

i?^.e^ = V^V^e, eV^i? = 0, (10) 

kn^^,i^ = K, T = ^, ^ = 0, (11) 

where k is the surface gravity of the null surface H. From eq. ([8]), we can read out the 
entropy of black holes as S" = ^ ^ , which is consistent with the Wald's result. 

It should be stressed that in order to derive the first law, bQ = T6S, in eq. (jH]), we 
have used the formula eq. ( fTOl) which is valid only for an exact Killing vector ^. However, 
in general, there is no such an exact Killing vector in a dynamic spacetime. One can at 
most obtain a Killing vector to the second order (in Riemann normal coordinates), ^'^ = 
—Xk^ + 0{X^), in our case [34]. Lack of an exact Killing vector implies that the spacetime 
might be out of equilibrium and leads to the appearance of extra terms in eq. ([H]), which 



can be explained as contributions from entropy production in view of Jacobson's idea [35] . 
For simplicity, we focus on the cases with exact Killing vectors below. Note that the static 
and stationary black holes always have an exact Killing vector, therefore our discussions are 
universal enough. The method mentioned above can easily be generalized to gravity with 
the diffeomorphism Lagrangian, L{g^^, R^j^^p^), constructed from the metric and Riemann 
tensor. Substituting the field equation 

1 (9L 

Pa^'^Rbcde - ^V^V'Pacdb ' ^Lg^b = SttT,,, P'^'"^'^ = —— (12) 

^ OKabcd 



into eq. ([6]), one can derive 

SQ = ^ (kah {P'^'^'Vcid - 2edVeF"'^") dA) '' = T6S, (13) 

where S = ^(P'^^^^Vc^d - 2^^^ ^P''^^'^)kahdA is equivalent to Wald entropy |38|. 

III. VIOLATION OF FIRST LAW OF /(T) GRAVITY 

Now we use the field equation method introduced in Sec. II to investigate the first law of 
black hole thermodynamics in f{T) gravity. We find that the Clausius relation, dS = ^, is 
violated, which implies that even in a static spacetime the black hole of /(T) gravity is out 
of equilibrium and gives an intrinsic entropy production. 



Let us recall the equation of motion of f{T) gravity 18 1 



H,, = f'{T){R,, - ^g,,) + ^g,.[f{T) - f{T)T] + f"{T)S.,,V^T = SttG,., (14) 

iJ[H = f"{T)S[,,],V''T = 0, (15) 

where 0^,^ is the matter stress-tensor. As the matter action is supposed to be invariant 
under the local Lorentz transformation, 6^,^ is symmetric and satisfies V^G/^i/ = 0. Notice 



that eq. (TT5l) is just the antisymmetric part of eq. (fT4|) . According to ref. [18|, eqs. ( !Ti|) and 
flTSj) are not Lorentz invariant. This leads to an important fact that the solution of eqs. flT^ 
and (fT5|) is unique for every given G^j,. Unlike Einstein gravity or T gravity, in general, one 
cannot get a new solution of eqs. ( fT4|) and ( fTSl) from the old one by performing local Lorentz 
transformations. 

The Hawking radiation is known to be independent of dynamics of gravity, which is a 
purely kinematic effect that is universal for Lorentz geometries containing an event horizon 



39| . Thus, the Hawking temperature felt by matter (whose action has a local Lorentz 
invariance) in f{T) gravity is the same as that in Einstein gravity, T = ^. On the other 
hand, the entropy of black holes is related to dynamics of gravity. Now let us begin to study 
the first law and entropy of black holes in /(T) gravity, we still focus on the spacetime 
with an exact Killing vector. By "Killing vector C,^" , we mean in the sense of the usual 
metric that it satisfies the equation, C^g^u = ^^d^g^u + d^^^gav + d^^°'ga^ = 0. Since one 
metric corresponds to many different tetrad fields which are related with each other by local 



Lorentz transformations, it is possible that the metric is static while the tetrad fields are 

time dependent 

Consider a heat fiux 5Q passing through an open patch on a null surface or black hole 

horizon, we have 

5Q= I e^^^^k^dAdX. (16) 

Jh 

Substituting eq. flT^ into the above equation, we get 

SQ = ^ [ k''[f{T)R^,e + i^S,,pVPf{T)]dAd\ 

o'^ Jh 



^ [ nWU'iT)V.Q-{Wf{T))V.i, + i^S,,,Wf{T)]dAd\ 
^T^ Jh 

_^ /f(TK4x '\^ I ^.^,^,(y)^^p^^^^ _ V.i,)dAd\. (17) 



Note that in the above derivations, we have used R^uC'^ = V^V^(^'^ and ^'^ ~ k'^ on the null 
surface, and thus we have C'^k'^S^^p = ^"k'^S^up- It should be mentioned that since ^^ ~ k'^ 
on the null surface, only the symmetrical part of eq. (1141) contributes to eq. (ITTj) . while the 
antisymmetric part eq. flT^ does not contribute to eq. flT7|) . 

The first term -^{^-^ — )|o'*' in the above equation is similar to the last line of eq. (|8]), 
therefore it can be explained as T6S. It is interesting that an extra term appears which in 
general neither vanishes nor can be rewritten in the form J^ k^V^B^y^^dAdX for an arbitrary 
f'{T). We shall give the proof below. 

If the second term vanishes for an arbitrary f'{T), we then get k^^^'Sp^^ — k'^Vy^^ = 0. 
However, due to the fact that k'^'VuC.p is a Lorentz scalar but k^i'^Sp^^ is not, the two 
terms can not be equal to each other. This contradiction shows that the second term of 
eq. fITTj) is non-vanishing. Similarly, suppose that the second term can be rewritten as 
k'^\/i^B[,,p] for an arbitrary k^ (we can change the direction of k^ arbitrarily by choosing 
a different open patch of the null surface or choosing a different null surface), we have 
V^5[,^] = V''f'{T){^f>Sp,p - V,Q. Note that VWB^.p] = R^^'B^.p^ = 0, we can obtain 
V^f(T) V'^(e5'p.^ - V,ip) = 0. For an arbitrary f{T) we deduce Vi^^Sp^p - V ,ip) = 0. 
Considering the fact that V^V y^p is a local Lorentz scalar while '^'^{^''Spyp) is not, we 
conclude that the second term of eq. (TT71) would not take the form k^V^B^i^p] . Notice that 
we do not use eq. ( ITSl) in the above derivations. One may guess that the last term of eq. ( fT7|l 



vanishes provided eq. ( !T5|) is used. However, it is not the case. There exist tetrad fields that 
satisfy eqs. f lT^ and flTSj) but still make the last line of eq. flT7|) non-vanishing. To end up 
the proof, we give an example in Appendix A to show that the second term in the last line 
of eq. f ll7p is indeed non-vanishing even provided eq. flT^ is used. 

It should be mentioned that we have proved that, in general, the first law of black bole 
thermodynamics is violated for f{T) gravity. But there might exist some special cases 
in which the first law of /(T) black boles recovers. Note that for black holes with the 
same metric gf^,y, we have many different choices of tetrad fields Ca^ which are related with 
each other by local Lorentz transformations. Those black holes have the same k^V^^^ but 
different k^^^Sp^fj^. Thus, for some special cases, the two terms might cancel each other and 
the second term of the last line of eq. fITTj) vanishes. We give such an example in Appendix 
B in which the first law SO = TdS recovers on the null surface. 



Similar to f{R) gravity [35|, the second term of eq. (fT7|) may be explained as contributions 
from entropy production 

^ / k''Wf'iT)iC''Sp,, - V^QdAdX = -TSS,, (18) 

which implies the black hole thermodynamics becomes non-equilibrium, 6Q = T6S — T6Si. 
It should be stressed that there is one main difference between the entropy production of 
f{R) gravity and that of /(T) gravity. For f{R) gravity, when the Killing vector is exact (for 
example, the static and stationary black holes), the entropy production vanishes. While for 
f{T) gravity, we find that there is entropy production even in a static spacetime. Since the 
entropy and entropy production should always be positive, there are very strict constraints 
for /(T) gravity, 

f (T) > 0, nT)k^WTieSp,, - V^Q < 0. (19) 

The local Lorentz invariance has been examined by experiment in many sectors of the 



standard model, including photons, electrons, protons and neutrons 40|-|42|| . No violation 
of Lorentz symmetry has been identified so far in these sectors. Miiller et al. performed an 
experiment to test the local Lorentz symmetry in the gravitational sector and they found 



a small violation of local Lorentz invariance 



43| . To be consistent with those experiments. 



the violation of the local Lorentz invariance in f{T) gravity should be very small. Note that 
f"{T) can be used as a parameter to denote the violation of the local Lorentz invariance 

8 



since it vanishes when f{T) gravity reduces to TG with local Lorentz invariance. So f"{T) 
is also expected to be very small and in that case the entropy production term eq. flTSl) can 
be ignored. Thus, for a small f"{T), the first law of black holes is satisfied approximatively 
and the entropy is ^-^A. 

Finally, we observe that for the special case /'(T) = 1 the entropy production vanishes 
and the entropy reduces to that of Einstein gravity S = j, which is consistent with the 
equivalence between TG and Einstein gravity. 

IV. REASON FOR VIOLATION OF FIRST LAW OF /(T) GRAVITY 

In this section, we search for the reason for violation of first law of black holes in f{T) 
gravity by investigating two concrete examples, Rindler space and Minkowski space. We find 
that it is the violation of the local Lorentz invariance that leads to the breakdown of first law 
of black holes in /(T) gravity. Although all the matter fields with the local Lorentz invariance 
see the same horizon and Hawking temperature, some gravitational degrees of freedom in 
f{T) gravity feel a different background metric, horizon and Hawking temperature. Black 



holes in such a situation cannot be in equilibrium 44|-|46| and consequently the first law in 
equilibrium is violated. 

For simplicity, we focus on /(T) gravity in 3D below (The discussions below can be easily 
extended to the 4D case.). As the first example, let us consider the linear perturbation equa- 
tions of f(T) gravity with the background tetrad fields °ea^ = diag(a;, 1, 1) and perturbations 
^Cafj.- The background spacetime is Rindler space with metric ds"^ = —x^dt^ + dx^ + dy'^, 
while the perturbations of metric are h^^ = ^Ca^?]'^* ^Cbu + ^eauV""^ ^e;,^. For the sake of con- 
venience, we set /(O) = 0, which means that there is no cosmological constant term in the 
action of f(T) gravity. Note that the background tetrad fields ^Cq^ satisfy field equations of 
f{T) gravity in vacuum, and the background torsion scalar °r = 0. 

We recall that the equation of motion of /(T) gravity is eq. flT^ . from which the linear 
perturbation equation can be derived in terms of °T = 0, 



2 



■[v.v V + v^.v V - n V - "^MvVv^ V] + /" (o) 's,; v, 't = svr ^e^,, (20) 



where V;,^ is the covariant derivative defined by '^gfj,u, and D = V^V^. ^T and ^6^,^ are 
the perturbations of torsion scalar and stress tensor, respectively, h^,, = h^^ — | ^g^^, and 



h = h^y ^g^'^. Similar to Einstein gravity, we can impose the Lorentz gauge V^h^y=Q to 
simplify the above equation. The reason is that f{T) gravity is also invariant under the 
general coordinate transformations, x^ ^ x^ + C^, h^^ -^ h^^ + 2V(^Ci'). For every given 
h^v, we can always find some suitable gauge parameters C^ to make h'^^ = h^^ + 2V ^^Qy) 
satisfy the Lorentz gauge V^h' ^^^q. In fact, we only need to solve the equation for ^^, 
—V^h^u = D(y + RufjtC^ = 0(u, where we have used R^u = in Rindler space. It is clear 
that solutions always exist for the above equation. Applying the Lorentz gauge V^h^y = 0, 
we can simplify eq. ( 120|) as follows: 

- ^DV + no) 's,;v,'T = STT^e^.. (21) 

Note that /"(O) can be used to denote the violation of local Lorentz invariance, and that 
when it vanishes the above perturbation equation recovers the local Lorentz invariance. 
Using background tetrad fields "ca^ = diag(x, 1, 1), we can derive "S'^^f' (see eq. ([5])). The 
non-zero results are given by 

°V = -l^ (22) 

°V = I- (23) 

From the antisymmetric part of eq. (pTj) . 5'r , '^ Vp ^T = 0, and eq. (122|) . we can derive 

dy ^T = 0. (24) 

As the simplest solution of the above equation, we require the perturbation ^Ca^ be inde- 
pendent of coordinate y. Substituting eq. f l2S|) into eq. f ET]) . we find that most components 
of hfj^y obey the same equation as that in Einstein gravity, 

- ^D V = Stt ^e^,, /(O) = 1, (25) 

except for hyy. For those fields that satisfy the same equation as that in Einstein gravity, 
they feel the same background metric (Rindler space in our case), therefore see the same 
horizon and Hawking temperature as the matter fields. 
However, hyy satisfies a different equation in the form of 

-^n(/> + /"(o)-9/r = 871^9', (26) 

10 



where (f) stands for hyy, and ^9' = ^Qyy Note that hyy behaves hke a scalar under the action 
of D in Rindler space, ^hyy = -^^dy{y/^g"^d^hyy), thus we denote it by (j). For simphcity, 
we require that all ^e^^ vanish except for ^e(2)y = 0- Consequently, we have hyy = 20, 
hyy = and IT = 2 'S^^^'^d^ ^e,, - 2 o^'^- oy^^^ i^d^ ^ _ig^^^ I^ ^i^^ of dy ^e,^ = 0, we 
observe that this choice satisfies the Lorentz gauge V^hfj^u- Now, eq. (1261) becomes 

_Z|^n0-2r(O)('^a.') = 87ri0'. (27) 

It should be stressed that for our simple choice that all ^e^^ vanish except for ^G(2)y = 4>i we 
have htt = x'^(p ^-nd h^x = —4>, which leads to two constraints for Qu and Q^x from eq. fl25l) . 
For simplicity, we require that Qtt and Qxx satisfy the constraints. 

Redefine (p = ^/ur^ (f> and 6' = -^/ i ^^,21 6', where e = !,iA we can rewrite the above 
equation as 

-lM[n-V{x)]^ = 8'K'Q', (28) 

where V{x) = |^4^t^, and D is defined by the effective metric Qf^u which takes the form 

— X u u 

(29) 



Qfj-u 



\ 



2 
-X 


0^ 





4^0 





1 



As a result, the field <j) feels an effective metric (jfj^^ different from that of Rindler space. 

If e > 0, the horizon of this effective metric still lies at x = 0, and the Hawking temper- 
ature is 

1 



Ti = —N^We^ = ,— V7T^, (30) 

where Nfj_ = (0, , ^ ^ ,0) is a unit outward pointing vector normal to the horizon, (f = 
|log(— C^Cm) is ^^^ Newton's potential and C^ = (1,0,0) is a time-like Killing vector. Note 
that the temperature Ti diverges at the horizon, and the worse is that there is a naked 
singularity at x = in view of Ricci scalar R = ^. According to the cosmic censorship 
conjecture, no naked singularities other than the Big Bang singularity exist in the universe. 
Therefore, in order to avoid the naked singularities and divergence of temperature, e would 
not be positive. 



11 



For e < 0, the position of the horizon turns to be a; = a/— e, where R = ^, W^^P^R^yp^, = 
^ and R^'^Rp^u = ^ have a good behavior and the singularity at a; = is hidden within the 
horizon. The temperature T2 = on the horizon x = y/—e can be read out from eq. (!30ll . 
which is different from the temperature T = -^ felt by matter fields in Rindler space. 

Now let us summarize our results. At first, the scalar field (f> in /(T) gravity feels an 
effective metric eq. ( 129|) different from that felt by matter fields, it therefore sees a different 
horizon and Hawking temperature. Black holes in such a situation would not be in the 
equihbrium state. Second, notice that the parameter e = i,(\-J is related to the violation 
of local Lorentz invariance. When e vanishes, eq. (l20l) recovers the local Lorentz invariance 
and the effective metric eq. (l29l) reduces to the metric of Rindler space. Furthermore, when 
f"(T) = and e = 0, the entropy production terms (eq. (TT8|) ) vanish and the first law of 
black hole thermodynamics recovers. As a result, the breakdown of first law of black holes 
results from the violation of local Lorentz invariance (e 7^ 0). At last, e should be negative 
in order to avoid the naked singularity. 

To end up this section, we briefly discuss the second example with background metric 
'^Qij.u = diag(— 1, 1,1) and tetrad fields 



' cosh(x) sinh(a:) ' 



Ca^ 



(31) 



sinh(x) cosh(a;) 

V " » V 

Again, ^e^^ satisfy the field equations of f(T) gravity in vacuum when /(O) = 0. Note that 
°T = and the non-vanishing ^S f' are ^S ^^ = ^S ^ = 1. After imposing the Lorentz 
gauge dph^^, = 0, we conclude that most of metric perturbations /i^j, obey the same equation 
eq. ( I25l) as that in Einstein gravity expect for hyy which satisfies 

- ^n<p + f"{0)dt 'T = Svr 'Qyy, (32) 

where (p denotes hyy. Focusing on the case all perturbations of tetrad fields vanish expect 
for ^e(2)j/ = (f), we have ^T = —2dt4>. Thus, the above equation becomes 

-4^[n0 + e(a,)'0] = 87rie,„ (33) 
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from which one can easily read out the effective metric g^i, as follows: 

(34) 



^ ^ 0^ 

1 — e 



9tiy 



1 

V » " V 



From ds^ = g^ydx'^dx^ = 0, we get the speed of field (f), v = -7^- It is interesting that if 
we require that v does not exceed the speed of light, we get e < 0, which is the same as 
the condition in the first example given for getting rid of the naked singularity. It should 
be mentioned that one can derive a similar condition in light of the recent work of Y. F. 

_ 4r(o) 

" /'(o) 



Cai et al. 23|. From eq. (28) of their paper [23J, we note that both f"{T) and 



(/'(O) > from eq. (fT9|) ) should be negative if we require the sound speed parameter c^ does 
not exceed the speed of light. 

V. CONCLUSION 

In this paper, we have shown that, in general, the first law of black hole thermodynamics 
6Q = T5S is violated in f(T) gravity, and only for some special cases can it be recovered. 
There is entropy production even in the static spacetime, and there are strict constraints 
for f{T) gravity in order to maintain the positivity of entropy and entropy production. We 
find that the violation of first law results from the lack of local Lorentz invariance in f{T) 
gravity. Through investigating two concrete examples, we observe that the effective metric 
felt by some degrees of freedom in f{T) gravity is different from the background metric 
felt by matter fields because of the violation of local Lorentz invariance. The degrees of 
freedom therefore see a different horizon and Hawking temperature. Black holes in such a 
situation would not be in equilibrium, so it is the violation of local Lorentz invariance that 
leads to the breakdown of the first law of black hole thermodynamics, 6Q = T6S, in f{T) 
gravity. To avoid the naked singularity and super velocity of light in the two examples, 
we get the condition e = -jttq) < 0, where e is a parameter which denotes the violation of 
local Lorentz invariance in /(T) gravity. To be consistent with experiments, e and f"{T) 
should be small. In that case, the entropy production term is small compared with the 
first term in the last line of eq. (ITTIl . thus the first law of black hole thermodynamics can 
be satisfied approximatively and the entropy of black holes in f(T) gravity equals "^-^A 
approximatively. 
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Appendix A 

We give the proof that the entropy production on the null surface is indeed non- vanishing 
by studying a specific example, Rindler space. The metric of Rindler space is 



ds^ = -x^dr + dx^ + dy^ + dz, 
where x G [0, oo). We choose the following tetrad fields Cq^, 

fx 0\ 

cos[g{x)y] sm[g{x)y] 

-sm[g{x)y] cos[g{x)y] 

\0 1/ 



(35) 



(36) 



with an arbitrary function g{x) and the torsion scalar T 



29(a^) 



. One can check that they 



satisfy the equations of motion eqs. ( !T4l) and ( !T5|) as long as the matter stress-tensor is given 
by 

1 



6° 



IQnx'^ 



[x'f{T) + 2xgf{T) + Ag{g - xg')f"{T)] , 





1 


Hi = 






87r 


e^ = 


1 




87r 



el 



1 

8^ 



f{T) gf'jT) 

2 X 

f x'gnT) + 2{g-xg')f"{T) 
2 x3 

/ gfiT) 2{l + xg){g-xg')nT) 



X 



x^ 



(37) 



One can always choose suitable functions g{x) and f{T) to make G^ be regular and simul- 
taneously to keep the entropy production non-vanishing. For example, set g{x) = ^x^e"'^' 



N 



x^e '^'), where A^ is an arbitrary finite integer greater than 1, 



and /(T) = E duT^ (T = 

n=l 

we find that the matter stress-tensor eq. (I37j) is regular in the whole space. 
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It should be stressed that there are many different choices of null surface in Rindler 
space. Without the loss of generality, we focus on the null surface a; = e* below. The 
corresponding Killing vector and null vector on this null surface are f^ = (1 — s^sli* ^ gj^h t, 0, 0) 
and fc'^ ~ (^, 1,0,0), respectively. One can check that .^'^^^ = ^^k^j, = k^k^ = 0, ^'^ ~ k^^ 
on this null surface. From eq. f llSp . we find that the entropy production on the null surface 
X = e* is proportional to 

which is non- vanishing generally. 

Appendix B 

We give an exact solution of eqs. ( 1T^ and (IT5|) which has the properties of the usual 
Rindler space. All the modes feel the same Rindler space metric as that felt by matter fields 
and no modes can escape from inside of the horizon. Similar to Sect. IV, in order to get the 
effective metric felt by the tetrad fields, let us investigate the linear perturbation equations 
of /(T) gravity with the background tetrad fields 

/ a; cosh t sinht \ 
xsinht cosht 
10 

\ 1/ 

2 

—x'^dt'^+dx'^+dy'^+dz'^, while the perturbations of metric are /i^^ = ^Ca^r]"'^ ^ebu+^GauV"'^ ^^bfi- 
Notice that we have 

°T = 0, °5^/ = 0, (40) 



Ca^ 



(39) 



and perturbations ^e^^. The background spacetime is Rindler space with metric ds 



for the background tetrad fields eq. (!39|) . Eq. (!39|) satisfies eqs. ^\M and (TT5|) provided the 
background matter stress-tensor is "G^ = "j^^^- Using eq. ( HOj) . we can easily find that 
the linear perturbation of eq. (fT5l) automatically vanishes. Thus, we only need to study the 
linear perturbation of eq. ( !T4l) . Following the approach of Sect. IV, we can derive 

-^nv = 87rie^,, (41) 
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which is exactly the same as the hnear perturbation equations of Einstein gravity if we set 
/'(O) = 1. Let us recall that h^^ = h^^ — | ^g^y and ^Q^u is the linear perturbation of 
the matter stress-tensor. From eq. (1411) . it is clear that all the modes of tetrad fields feel 
the same metric as the background spacetime, Rindler space. Thus, at least in the linear 
perturbation, all the modes feel the same horizon and null surfaces, and no modes can escape 
from inside of the horizon. From eqs. ( !T7|) and (140|) . it is interesting to note that the first 
law 6Q = T6S recovers on the null surface of Rindler space with tetrad fields eq. f l39|) . and 
the entropy on the null surface can be read out from eq. (TT7|) as S = ^^-j-^A. 
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